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Start. Stay. Succeed.
Comienza. Quédate. Triunfa.
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« Actively participate

« Keep side bar conversations to a minimum
* Use technology respectfully

* Take a risk on new learning
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* Please introduce yourself to your
tablemates.

* As a table group make a list of the visual
models you currently use in your
classrooms.
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We are learning that using and connecting math
representations Is a necessary strategy to support
student understanding.

We will know we are successful when we can mal
connections between and within representations
and can discuss the benefits of using visual
representations.



Use and Connect Mathematical Representations

Effective teaching of mathematics engages students in making connectsi
among mathematical representations to deepen understanding of

mathematical concepts and procedures as tools for problem solving.

Representational Actions

HO <
Phvsical Visual
ysica ) lllustrate, show, or work
Use concrete objects to show, with mathematical ideas
study, act upon, or manipulate ) ] ]
h tical ideas using diagrams, pictures,
mathematica numberlines.I graphs, and
{‘_E'E" cubes, c{funtem’ crther math drawings.
tiles, paper strips).
Symbolic
Record or work with
Contextual mathematical ideas
ontextua
using numerals,
Situate mathematical _g
y ) g variables, tables,
ideas in everyday,
real-world, imaginary, Contextual and other symbols.
or mathematical
situations and contexts. Verbal
Use language (words and phrases) to
interpret, discuss, define, or describe
mathematical ideas, bridging informal *OUNCIL OF
Principles to Acti NCTM, 2014, p. 25 .
rinciples to Actions p- 25) and formal mathematical language. )F MATHEMATICS

Developed by DeAnn Huinker (07.06.2015)



Important Mathematical Connections between
and within__ different types of representations
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Principles to Actions  (NCTM, 2014, p. 25) ()\.() ATIONAL COUNCIL OF
(Adapted from Lesh, Post, & Behr, 1987) NCTM | TEACHERS OF MATHEMATICS
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Help students:
A make sense of problems,

A consider relationships among quantities when they sket
diagrams or make tables and graphs,

A advance their understanding of mathematical concepts
and procedures.

GCKS OAadzZ t NBupgNBSIESWsEdedause
the diagrams or drawings leave a trace of student probler
az2zf oAy3 GKFG OFYy 6S RAALXI

NCTM Principles to Actions, p. :



Promoteperseverance 5 S @St 2LJ & dz

In reasoning through iIndependence In asking
problems. themselves:
MP.1 Make sense of A Can | draw something?

probllems ?r:]d PEISEVEIE A wWhat can | label?
INn solvin em. )
J A What do | see?

A What can | learn from my
drawing?
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HO

Number Relationship ConcepSOAP

SSubitizing O o0ne and two More/Less A Anchor 5 and 10 PPrart whole Relationships

Visual Models for Thinking

Dot cards Number Lines OTp——
: 3+1=14 +7 +20  +300 +7000
2 — NN N
- I W 673680 700 1000 \a;roo
o 012345678910
ok K-1 Counting On Gr 2 and beyond
3
5 Frames/ 10 Frames Number Bondgnumber paths)
oeeee eoeeee O e
ceeee 11} &
©.
|72
AN
/0 2.
Place value
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the symbolic stage

Abstract

®
0 ®
oY -
the seeing stage
—

o — ictori
o Pictorial
. (Representational)

i : = o ®
= concrete the doing stage
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Reinforces counting
by ones and counting
on

Reinforces seeing
number combinations

Patterns should be
two colors

Patterns should be
tightly grouped
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« Spatial Relationships- Seeing quantities

« Counting by ones to compose and
decompose numbers

« Concrete- materials active manipulation
 Pictorial- pictures of patterns
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« Orient Horizontally
 Fill left to right, top

row then bottom row
..... « Ask anchoring 5 or 10

guestions
0000

— How far from 107

— How many more than
57?

— What is one less than
0?
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« Spatial relationships

* One and Two More/ One and Two Less
* Anchoring 5 and 10

« Part/Whole relationships

 Concrete materials
e Pjictorial
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* Linear relationships between numbers
represented on the number line

« Concrete- materials active manipulation

 Pictorial- picture of relationships
represented

« Abstract- comparison between
relationships represented
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Grade K-1: =
Counting On 3 + 1 B 4

Grade 2 and beyond
* i | .-"r-.'\ | i | i | I.
N S A I

01234567 é 910 8000 — 673 =7, 327

+7 +20 +300 +7000

AVAVER VAN

673680 700 1000 8000

Grade 3 and beyond

—
—
[
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Grade 5 and beyond

o o1 92 03 04 05 06 o7 of 0F
— 1‘ | | | | | | | |
3 tenths = 3x1 = 3 — 0.3
10 10

Grade 6 and beyond

P | + ' | + |
| L . S
% g =% § =
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« Change where the
whole is oriented (not

\ always the top)

/ * Reinforce number
paths connect the
decomposed smaller
parts that make up
the whole
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« Part/Whole relationships

 Concrete materials
* Pictorial drawings
 Abstract with use of numbers
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« Make up a story for the pictui . . @ ‘
* Draw two number bonds @

1. Concrete: pictures to represent the story
2. Abstract. numbers to represent the story

0000000




Draw and write the numbers to complete the number bonds.

Concrete: cubes to represent the story
Abstract: numbers to represent the story



Concrete Abstract
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15+18="
+5 +10 +3
15A 20 A 30 A 33

731 26="?
3 20 -3
73A 70A 50 A 47
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Models thinking in a
written format

It does not show
equality, but the In-
between steps In
thinking
Concrete-Writing
numbers

Abstract- using
number notation
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Pictorial representations of relationships betweer
guantities used to solve word problems.

Forming units (1s, 10s, fractions, decimals etc.)

l GUOKAY1AY3 G222 ¢ OGKIFC
represent a mathematical problem and transform
the words Into an appropriate numerical
operation.

A tool that spans different grade levels



2 apples + 5 apples = 7 apples
2+5=7

individual bars incremented bars Non-incremented bars
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Part-Whole Model Part-Whole Model

Addition & Subtraction: Variation 1 Addition & Subfraction: Variation 2
: Find th rt wh
Given 2 parts, find the whole qi'ce" 1“,,':,'?:.'.% '}?.e v‘ﬁ.o‘iz
< 7 S - 9 &
Part - Whole Model Part-Whole Model
Multiplication & Pivision Showing Fractions
< whole —> & tt -

4 part —» 4¢— whole ———»

one part x number of parts = whole
whole + number of parts = one part
whole + one part = number of parts The part is 1/3 of the whole.




The Comparison Model
Addition & Subtraction

Larger Quantity
Swmaller Quantity EEECIS 2

larger quantity - smaller quantity = difference

smaller quantity + difference = larger quantity

The Oomparison Mode

ractions

g ===

4
A is 4 times as much as B.

So, Bis 1/4 as much as A.

The Comparison Model
Multiplication & Division

larger
< quantity >

multiple

> M

larger quantity + smaller quantity = wmwultiple
smaller quantity x wultiple = larger quantity

larger quantity = multiple = smaller quantity
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Start with simple accessible situations, and add
complexities one at a time.

''aS aSlaéeé ydzYoSNBR az2
complexity of the model.

Develop habits of mind in students to reflect on the
size of bars relative to one another.

Help students to use the situational context to
determine the type of model to ugsecompare or
part-whole.
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Part/Whole Example

Jim had 360 stamps. He sold 1/3 of them
on Monday and Y4 of the remainder on
Tuesday. How many stamps did he sell
on Tuesday?
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Comparison Example

The ratio of the length of Tom’s rope to the
length of Jan’s rope is 3:1. The ratio of the
length of Maxwell's rope to the length of
Jan’s rope was 4:1. If Tom, Maxwell, and Jan
have 80 feet of rope altogether, how many
feet of rope does Tom have?
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* Double number line diagrams are best
used when the guantities have different
units.

« Double number line diagrams can help
make visible that there are many, even
Infinitely many, pairs of numbers in the
same ratioo including those with rational
number entries.

\\\
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Horizontal or vertical
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« Multiplication

0 Group size ?
0 1 Number of groups
| MILWAUKEE
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* Division (Partitive)
0 ?

1

Division (Quotitive)

Group size

_.’/"-- _--h\\\.
@ MILWAUKEE
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product

number of groups

product

©2015 Milwaukee Public Schools
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* There are 4 apples on each plate. If there
are 6 plates, how many apples are there
altogether?

— There are 2 different _quantities: apples and
plates.

— Work with your table to solve this problem
using a double number line.
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1. 1 meter of wire weighs 6.7 grams. How much

2.

will 8.7 meters of the same wire weigh?

There are 24 students In a classroom and 6
large round tables. How many children should
be seated at each table if there must be the
same number of children at each table?

. 7.4 meters of wire weigh 17.02 grams. How

much will 1 meter of the same wire weigh?
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* As students move between
models they develop fluency and
deeper understanding of the
number relationships.
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Iy Minded

© 2013, Mathemariea

trom Fluency Through Flexibility



Important Mathematical Connections between
and within__ different types of representations
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the symbolic stage

Abstract

®
0 ®
oY -
the seeing stage
—

o — ictori
o Pictorial
. (Representational)

i : = o ®
= concrete the doing stage
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GCKS @Aadzl f NBUbINEG &
discourse because the diagrams or
drawingsleave a trace of student

problem solving that can be displayed,
ONAUAIdzZSRE | YR RAA

NCTM Principles to Actions, p. :



We are learning that using and connecting math
representations Is a necessary strategy to support
student understanding.

We will know we are successful when we can mal
connections between and within representations
and can discuss the benefits of using visual
representations.



